The spectral radius of a (directed) graph is the largest eigenvalue of adjacency matrix of the (directed) graph. We give the relation on the characteristic polynomials of a directed graph and its line graph, and obtain sharp bounds on the spectral radius of directed graphs. We also give the relation on the spectral radii of a graph and its line graph. As a consequence, the spectral radius of a connected graph does not exceed that of its line graph except that the graph is a path.
Introduction
Let G = (V , E) be a simple undirected graph. The line graph L(G) of G is the graph on the edge set E in which e, f ∈ E are adjacent as vertices if and only if they are adjacent as edges in G. Let G be a (directed) graph. We denote by p(G; x) the characteristic polynomial of A(G). Sachs [9] proved the following result for regular graphs.
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Theorem 1.1 [9] . If G is a k-regular graph with n vertices and m edges, then p(L(G); x) = (x + 2) m−n p(G; x − k + 2).
In fact, a nicer equation holds for all directed graphs.
Theorem 1.2. Let D be a directed graph with n vertices and m arcs. Then p(L(D); x) = x m−n p(D; x).

Therefore, the digraph D and L(D)
have the same nonzero eigenvalues with the same multiplicity. D) ), see [2] for more details. This equality of spectral radii does not hold for undirected graphs. However, we have the following relation between ρ(G) and ρ(L(G)) for an undirected graph G. Theorem 1.3. Let G be a graph with maximum degree and minimum degree δ. Then
If G is connected then either of the equalities holds if and only if G is regular. Moreover, if G is an irregular graph of order n and diameter
Note that if P be a path of order n, then L(P ) is a path of order n − 1 and thus ρ(P ) > ρ(L(P )). However, using Theorem 1.3, we will prove that for connected graphs this is the only case when the spectral radius of a graph exceeds that of its line graph.
Theorem 1.4. Let G be a connected graph which is not a path. Then ρ(G) ρ(L(G)) with equality if and only if G is a cycle.
Our notation is standard. 
Directed graphs
We will need the following two simple lemmas. The first one is from matrix theory (see Lemma 8.2.4 in [4] for example) and the second is a refined version of Lemma 2.1 in [3] which is also valid for asymmetric matrices. 
and the result follows.
Much attention has been paid to the spectral radius of undirected graphs. While only a few bounds are known for directed graphs. Besides the classical bounds from Lemma 2.2,
the only better upper bounds in terms of degrees to the best of our knowledge are due to Kwapisz [6] 
Recently, Nikiforov [7] obtained a general upper bound on the spectral radius of an undirected simple graph in terms of the number of walks. In fact, a similar lower bound may also be derived by the same method. We generalize these bounds to directed graphs. 
Theorem 2.1. Let D = (V , E) be a directed graph and r be a natural number. For a natural number p such that for all
v ∈ V , w + p (v) > 0, we have min v∈V w + p+r (v)/w + p (v) ρ r (D) max v∈V w + p+r (v)/w + p (v).
Moreover, if D is strongly connected then either of the equalities holds if and only if w
+ p+r (v)/ w + p (v) is the same for all v ∈ V . Similarly, for a natural number p such that for all v ∈ V , w − p (v) > 0, we have min v∈V w − p+r (v)/w − p (v) ρ r (D) max v∈V w − p+r (v)/w − p (v).
min d + (u)d + (v)|uv ∈ E ρ(D) max d + (u)d + (v)|uv ∈ E .
Moreover, if D is strongly connected then either of the equalities holds if and only if D is out-regular or out-semiregular. Similarly,
min d − (u)d − (v)|uv ∈ E ρ(D) max d − (u)d − (v)|uv ∈ E .
Moreover, if D is strongly connected then either of the equalities holds if and only if D is in-regular or in-semiregular.
Proof. We only state the proof of the upper bound for the out-degree case. The same argument also applies to the lower bound and the in-degree case. Note that d + (v) = u∈N + (v) a vu . Theorem 2.1 with setting p = 1 and r = 2 implies
If the upper bound is attained then the equalities hold everywhere in the above argument. Moreover, if D is strongly connected then Theorem 2.
again implies that for each v ∈ V , d + (u) is the same for all u ∈ N + (v). Thus d + (v) can be one of at most two values. If d + (v)
is the same for all v ∈ V , then D is out-regular. Otherwise, the out-degree of every vertex in D can only be one of two values, say + and δ + and the adjacent vertices must have different out-degree. Now Let U consist of the vertices of out-degree + and W the vertices of out-degree δ + . Then U and W are independent sets, which shows that D is out-semiregular. The converse is clearly true.
Every undirected graph has a natural generic directed graph obtained by replacing every edge by a pair of arcs with opposite directions. This with Corollary 2.1 leads to the following consequence.
Corollary 2.2. Let
G = (V , E) be a (multi)graph. Then min d(u)d(v)|uv ∈ E ρ(G) max d(u)d(v)|uv ∈ E .
Moreover, if G is connected then either of the equalities holds if and only if G is regular or semiregular.
The upper bound in Corollary 2.2 for simple graphs is due to Berman and Zhang [1] . 
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Undirected graphs
In this section we will prove Theorems 1.3 and 1.4. Firstly we need a lemma essentially due to Ostrowski [8] . Proof of Theorem 1.3. Let B be the incidence matrix of G and
Let x be a unit nonnegative eigenvector of ρ(A) and y be a unit nonnegative eigenvector of ρ(BB T ). Then Rayleigh's principle implies that
Thus the lower and upper bounds follow. Now we assume that G is connected. Then both A(G) and BB T are irreducible. Thus the eigenvectors x and y are both positive. If the lower bound is attained then x i = x j whenever v i v j ∈ E(G) and so x i are all equal for v i ∈ V (G) and G is regular. While if the upper bound is attained then d(
Now we assume that G is connected and irregular. Let v k and v l be two vertices of G such that x k = max i x i and x l = min i x i . Then x 2 k > 1/n and Lemma 3.1 implies that x k /x l √ /δ. Let P be a shortest path of length a d from v k to v l . Then we have It follows that:
In order to prove Theorem 1.4, we first need a result on a special kind of trees, which may be interesting of its own. Let S ,k be the tree obtained by identifying one of the two end vertices of paths of length k, see Fig. 1 . The identified vertex of degree is called the root.
Proposition 3.1. For natural numbers k and > 1, we have
Proof. Select a vector z with z v = z i = ( − 1) −i/2 for v ∈ V (S ,k ) where i stands for the distance between the vertex v and the root of S ,k . By Rayleigh's principle, it follows that Now we prove the upper bound. Let x be the unit positive eigenvector of ρ(S ,k ). It is obvious that for each pair of vertices u and v of S ,k that are at the same distance from the root, there exists an automorphism of S ,k which maps u to v. Since the tree S ,k is connected, its spectral radius is simple and thus the entries of eigenvector x corresponding to u and v must equal. Therefore, for i = 0, 1, . . ., k we may denote by x i the entry of x corresponding to all vertices of S ,k at distance i from the root. Since x = 1, we have
and thus
Remark. Note that for each k ∈ N the tree S ,k is an induced subgraph of S ,k+1 so that the sequence (ρ(S ,k )) ∞ k=1 is increasing. Moreover, the infinite tree S ,∞ = ∪ ∞ k=1 S ,k has the spectral radius / √ − 1 with a positive eigenvector with entries
Let H be the graph obtained by joining the centers of two stars of order 3 by a path, see Fig. 2 . Then it is known that ρ(H ) = 2, see [5] for example. Let the tree S obtained by subdividing once only one edge of a star of order 4, see 3 give the relation between the spectral radius of a (directed) graph and that of its line graph. Thus in general, a bound on the spectral radius of a (directed) graph can be turned to be another new bound via its line graph. To illustrate this idea, we take the bound from Corollary 2.2 as an example.
